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Abstract
This paper discusses the energy-absorbing effectiveness factor which provides a ratio between the energy absorbed in a
structural system with the total potentially available elastic and plastic strain energies in all the materials used in the
construction. Experimental and numerical predictions for the factor are expressed in terms of the solidity ratio, or
relative density, for various tubes and multicellular sections subjected to static and impact axial loadings. The factor
illustrates the effectiveness of multicellular systems when compared to simple regular geometries. The effect of infilling is
discussed along with several other factors. The energy-absorbing effectiveness factor is a useful dimensionless quantity to
assist in the choice of efficient designs of structural systems which require an energy-absorbing capability.
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Introduction
The amount of energy which can be absorbed in struc-
tural systems and energy-absorbing devices are
important for studies in the structural crashworthi-
ness ﬁeld and safety calculations in many areas. It is
useful to have a criterion for assessing the eﬀective-
ness of an energy-absorbing system which motivated
the following deﬁnition for an energy-absorbing
eﬀectiveness factor1
 ¼
total elastic and plastic strain energies
absorbed by a structural system
potential energy absorption in the total volume
of material in a system up to failure in tension
ð1Þ
This factor could be calculated for structures made
from any material such as composite materials, which
have been used extensively throughout engineering
including many structural crashworthiness protection
studies,2 etc. The energy absorbed in the material up
to failure in the denominator of equation (1) could be
found for a variety of failure modes, but the failure in
tension is used in this paper because it is focussed on
ductile materials and most experimental studies in this
area only report the results from standard uniaxial
tensile tests.
It is the purpose of this dimensionless number to
reveal the eﬃciency of an energy-absorbing system by
comparing the proportion of the ductile strain energy
extracted from the total energy potential of all the
material used in its construction. Therefore, the
denominator includes the energy potential of all com-
ponents, such as any internal ﬁllings and the energy
potential of all the diﬀerent materials that might be
used in the construction. Thus, systems having diﬀer-
ent geometries and made of diﬀerent materials
(including combinations of several materials) can be
compared and the design having the largest value of  
is the most eﬀective and also the most environmen-
tally acceptable in the sense of utilising the minimum
material resources for a speciﬁed energy absorbing
application. In practical design, this factor could be
considered along with all other well-known param-
eters such as cost, etc. Equation (1) may be used for
both static and dynamic loadings.
The energy-absorbing eﬀectiveness factor  was
used in Hsu and Jones3 to examine the static and
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dynamic (up to 13.3m/s) axial crushing behaviour of
stainless steel, mild steel and aluminium alloy thin-
walled circular tubes. It transpired for both loadings
that the aluminium alloy tubes have a signiﬁcantly
higher value of  than the stainless steel and mild
steel tubes. The  values for the stainless steel tubes
are the smallest, while the values of  for the mild
steel tubes lie between those for the other two mater-
ials. On the other hand, the energy absorbed per unit
volume is lowest for the statically crushed aluminium
alloy tubes and highest for the stainless steel tubes,
though the energy absorbed per unit mass of the alu-
minium alloy tubes is only slightly greater than the
corresponding value for the stainless steel tubes.
This situation occurs because the stainless steel and
the mild steel tubes have higher plastic strain energies
to failure than is required for a ductile crushing
response of the tubes. In other words, energy-
absorbing systems made of stainless steel and mild
steel for this particular problem use the material less
eﬀectively than those made from the aluminium alloy.
Further comments and observations on the energy-
absorbing eﬀectiveness factor were presented in
Jones4 wherein several other geometries were exam-
ined including square tubes, top-hat, double-hat and
hexagonal sections. It was observed for mild steel that
 is larger for the thin-walled square tubes than
for the top-hat and double-hat sections and all have
smaller values of  than for the thin-walled circular
tubes when subjected to static or impact axial crush-
ing loadings. The additional material in the ﬂanges of
the top-hat and double-hat sections does not provide
a suﬃcient increase in the energy absorbed to lead to
increased values of  when compared with a simple
thin-walled square section.
Jones1 explored the trend of the energy-absorbing
eﬀectiveness factor,  , for several thin-walled geome-
tries with respect to the plastic ﬂow stress, axial
impact velocity and tube geometry (thickness H,
radius R for circular tubes, side length C and thick-
ness H for square tubes). The inﬂuence of longitudinal
stiﬀeners on the values of  for thin-walled circular
and square tubes was studied, as well as the enhance-
ment of  due to aluminium alloy foam ﬁllings in
circular and square tubes. Chen and Wierzbicki5 pre-
sented a theoretical analysis which is based on a rigid,
perfectly plastic material for square tubes having two
or three internal cells. The associated values of  are
reported in Jones1 together with the corresponding
values when the cells are ﬁlled with an aluminium
foam material. This gives rise to a signiﬁcant enhance-
ment of  as revealed in table 2 of Jones1 and as
discussed in ‘Multicellular sections’ section.
Within recent years many experimental, theoretical
and numerical studies have been reported on the static
and dynamic crushing behaviour of energy-absorbing
systems having various designs and made from a var-
iety of materials (e.g. Belingardi et al.6). The behav-
iour of these systems has been explored with the aid of
various well-known design parameters as in Xiang
et al.,7 for example. It is the object of this article to
examine some recent studies on axially crushed tubes
having various cross-sectional shapes from the per-
spective of the energy-absorbing eﬀectiveness factor,
 , which is deﬁned by equation (1).
Energy-absorbing effectiveness factor
Equation (1) for an energy-absorbing system can be
written in the form
 ¼
R f
o PdPn
i¼1 Vi
R "ri
o d"
, ð2Þ
where P is the axial crushing force and  is the cor-
responding axial crushing displacement which has a
ﬁnal value f. The integral in the denominator of
equation (2) is the potentially available energy which
could be absorbed in the total volume of material in
all parts of a structural system,
Pn
i¼1Vi, up to rupture
in standard uniaxial tensile tests on specimens which
are made from the same n diﬀerent materials in an
energy-absorbing system. Equation (1) is also valid
for energy-absorbing structural systems subjected to
dynamic loads and a dynamic energy-absorbing
eﬀectiveness factor,  0, is deﬁned, in Hsu and Jones.3
Several simpler forms of equation (2) are devel-
oped, in Jones,4 for the static and impact axial loading
of energy-absorbing systems made from thin-walled
sections.
In most published experimental studies, only the
static yield (y) and ultimate tensile (u) stresses are
reported for the materials, sometimes together with
the uniaxial tensile engineering rupture strain ("r).
The stress values can be used to estimate the mean
static and dynamic ﬂow stresses o and 
0
o when dis-
regarding material strain rate eﬀects. Thus, for an
energy-absorbing system made from a single material,
it might be assumed that
 ¼ Pmf
oAL"r
ð3Þ
and
 0 ¼ GV
2
o=2þ Ggf
0oAL"r
ð4Þ
for the static and impact cases, respectively, where A
is the cross-sectional area and L is the initial axial
length of an energy absorber.
If the eﬀective crushing distance ratio is taken as
e=L& 3=4
4 and f¼ e, then the length L of an energy
absorber in equations (3) and (4) can be replaced by
4f=3 giving
 ¼ 3Pm
4Ao"r
ð5Þ
2 Proc IMechE Part C: J Mechanical Engineering Science 0(0)
and
 0 ¼ 3GV
2
o
8oAf"r
ð6Þ
if any material strain rate sensitivity eﬀects are neg-
lected, that is 0o is taken as the mean static ﬂow stress
o, and the additional potential energy of the mass
due to the axial crushing of the energy absorber is
neglected when compared with the initial kinetic
energy. The mean ﬂow stress in equations (3) and
(6) could be taken as y þ u
 
=2 to approximate the
inﬂuence of material strain hardening eﬀects in the
corresponding integral in the denominator of equa-
tion (2).
The solidity ratio, or relative density,8,9 has been
used extensively in the structural crashworthiness ﬁeld
and is deﬁned as
 ¼ A=Ae ð7Þ
where A is the cross-sectional area of a thin-walled
section and Ae is the area enclosed by the cross-sec-
tion. Thus
 ¼ 2RH=R2, or  ¼ 2H=R ð8Þ
for thin-walled circular tubes of radius R and wall
thickness H. Similarly, for a thin-walled square tube
 ¼ 4H=C ð9Þ
where C is the length of a side. Clearly, equation (7)
can be used to obtain  for any cross-sectional shape.
It is unusual for complete information to be avail-
able on the material properties which allow an accur-
ate value of the denominator of equation (2) to be
calculated, particularly for dynamic loadings. Thus,
approximations are introduced such as a mean ﬂow
stress taken as the average of the yield and ultimate
stresses, as mentioned earlier. It is then possible that
an approximation in the denominator of equation (2)
could lead to a value of the energy absorbing eﬀect-
iveness factor which is larger than unity, as observed
in some later calculations. This aspect is discussed
further in ‘Discussion’ section.
Square tubes
It was reported previously in Jones4 that the mild steel
square box sections crushed axially with static loads
have  ¼ 0.98,10  ¼ 0.765 (average)11 and  ¼ 0.2912
for C/H¼ 22, 31.3 (average) and 48.4, or ¼ 0.182,
0.128 and 0.083, respectively. In the associated impact
cases,  ¼ 1.28,  ¼ 1.08 and  ¼ 0.53 for the increas-
ing values of C/H, or decreasing values of  given
above.
Di Paolo and Tom13 reported on the quasi-static
axial crushing characteristics of square tubes made
from two plain low-carbon steels (ASTM A36 and
ASTM A513) and two austenitic stainless steels
(AISI 316 and AISI 304). The energy-absorbing
eﬀectiveness factor  can be estimated from the
experimental data. It turns out that  ¼ 0.53 and
 ¼ 1.21 for the low-carbon steels ASTM A36 and
ASTM A513, respectively. The signiﬁcantly diﬀerent
values for  occur principally because the rupture
strain for the ASTM A513 steel is about one-half
the corresponding value for ASTM A36. In other
words, the ASTM A36 square tube has a greater
energy-absorbing capacity than is required to absorb
the axial crushing energy due to the axial force acting
on the tube and therefore has more material than is
necessary. Both stainless steels have smaller energy-
absorbing eﬀectiveness factors, namely  ¼ 0.44
(stainless steel 316) and  ¼ 0.36 (stainless steel 304),
mainly because of the larger rupture strains and larger
ﬂow stresses. These results indicate that the two low-
carbon steels are more eﬀective than the two studied
stainless steels. Incidentally, the solidity ratios of the
square tubes are between 0.11 and 0.12.
The values of  and  are calculated for some
experimental results on the static and impact loadings
of square tubes and are plotted in Figure 1(a) for mild
steel,4 Q235 steel,14 St37 steel15 and high strength
steel.4 The solidity ratio ¼ 4H/C is used for the
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Figure 1. Energy-absorbing effectiveness factor,  , for square
tubes. (a) Steel. Static loadings – «: mild steel table 2 of Jones,4
r: high strength steel table 2 of Jones,4S: Q235 steel.14 Impact
loadings – #,n correspond to «, r, respectively:  St37.15 (b)
Aluminium alloy. Static loadings – «, S,4 x,16 ,17þ ,18 ,19
r.20 Impact loadings – #, ¨,4 .21
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abscissa. Despite the diﬀerent steel speciﬁcations, it is
evident that the experimental results follow reason-
able curves through both the static data and the
impact data. It is observed that the energy-absorbing
eﬀectiveness factor decreases as C/H increases or 
decreases, for both static and impact loadings.
Previous studies have been conducted on the static
crushing behaviour of aluminium alloy 6060T4 square
tubes.22 It can be shown from these results that
 ¼ 0.97 for C/H¼ 43.3 (¼ 0.092) and  ¼ 1.24 for
C/H¼ 31.6 (¼ 0.127). Square tubes made from alu-
minium alloy 6060T6 were studied in literature22,23
and calculations predict that  ¼ 1.84, 2.17 and 3.64
for C/H¼ 43.2, 31.5 and 17.8, or ¼ 0.093, 0.127 and
0.225, respectively. These values again reveal a trend
of decreasing  with an increase in C/H, or decrease
in , as observed for the steel boxes in Figure 1(a), but
the values are larger principally because of the smaller
fracture strains for the aluminium alloys leading to a
more eﬀective use of the material.
Figure 1(b) contains a collection of experimental
data for aluminium alloy square tubes, but the results
show greater scatter than in Figure 1(a) for steel,
probably because the test specimens are made from
seven diﬀerent aluminium alloys. Nevertheless, it is
evident that the values of  for the low-velocity
impact loadings do lie above the corresponding
static values for similar values of .
Zhang et al.16 have explored the static axial crush-
ing behaviour of square tubes with wall thicknesses
that vary linearly across the tube width. They are
made from aluminium alloy 6061O. One set (simple
surface gradient, SSG) is square on the outside and
octagonal on the inside, while the other set (double
surface gradient, DSG) is octagonal on both the inside
and outside surfaces. In both cases, the thinnest wall
thicknesses are at the centres of the sides
(0.6–1.0mm), while they are thickest at the corners
(1.4–1.8mm). Regular uniform thickness (1.2mm)
square tubes are tested for comparison purposes and
all tubes have the same average thickness of 1.2mm
giving a solidity ratio ¼ 0.133. It can be shown that
the tests on two regular square tubes give rise to
 ¼ 1.04 and  ¼ 1.15, or an average of  ¼ 1.10,
approximately. All of the SSG and DSG tubes have
higher values of  and lie within the range
1.234 4 1.47, where the largest value is associated
with a DSG tube having the thickest corners (1.8mm)
and the thinnest section (0.6mm) at the centre of the
sides. Thus, by simply redistributing the material in a
tube it can be made about 34% more eﬀective for the
same amount of material.
Zhang and Zhang17 have reported some experi-
mental static axial crushing data on aluminium alloy
6061O square tubes having various thickness conﬁg-
urations. The thicknesses on opposite sides of a
square cross-section (t1) are equal, while those on
the adjacent opposite sides (t2) are also equal but dif-
ferent from t1, except for uniform square tubes with
t1¼ t2. It transpires that  generally increases with
increase in t1þ t2 from  ¼ 0.39 for t1¼ t2¼ 0.8mm
to  ¼ 1.35 for t1¼ t2¼ 2.4mm and all the other cases
lie between these two extremes. The other uniform
cases give  ¼ 0.60, 0.76 and 0.91 for t1¼ t2¼ 1.2,
1.60 and 2.0mm, respectively. Thus, it appears that
 is directly proportional to the cross-sectional area
of the square tubes regardless of the relative values of
t1 and t2. In other words, it is more eﬀective to thicken
tubes in the sense that the additional material is more
than compensated by an increase in the energy
absorbed. These results reveal that  increases with
the solidity ratio  (0.089–0.267), though it is evident
from Figure 1(b) that they are smaller than all of the
other results.
It can be shown from equation (9.41) in Jones8 that
the mean crushing force Pm for a square tube varies as
H5/3 when all the other parameters remain constant.
Thus, equation (5) gives  varying as H2/3, while  is
proportional to H according to equation (9). This the-
oretical analysis predicts that the thicker tubes have
larger values of  and  than thinner tubes when the
other parameters remain unchanged. For example if
H is doubled, then  increases by a factor 1.587 and 
is doubled.
Circular tubes
Yamashita et al.18 have reported some experimental
test results on the static axial crushing behaviour of
circular and square thin-walled tubes made from alu-
minium alloy 6063. Using the data presented in this
paper and taking an eﬀective crushing distance equal
to 0.75L gives  ¼ 1.30, 1.71, 1.94 and 2.17 for circu-
lar tubes having ¼ 0.04, 0.06, 0.09 and 0.12, respect-
ively. Similarly,  ¼ 0.73 and  ¼ 0.93 for the square
tubes with ¼ 0.083 and 0.124, respectively. A single
experiment on a circular tube subjected to an impact
loading at 10m/s has an estimated value of  ¼ 2.46
for ¼ 0.12.
The machining of grooves into the walls of steel
cylindrical tubes has been studied by Salehghaﬀari
et al.24 to see if the energy absorbing characteristics
under quasi-static axial compressive loading can be
enhanced. It turns out that  increases from 0.26 to
0.54 for the test specimens having 5 or 6 grooves and
labelled S1 to S6, respectively. The associated values
of  are 0.06 to 0.08, approximately. These values
contrast with  ¼ 1.02 and  ¼ 0.78 for the steel cylin-
drical tube specimens without grooves and having
¼ 0.07 and ¼ 0.11, respectively. Thus, the values
of  reveal clearly that this particular design, accord-
ing to this criterion, is not an eﬃcient design. This
situation occurs because the additional material
between the grooves does not contribute to the
absorption of crushing energy.
Zhang and Yu25 have conducted static axial crush-
ing tests on thin-walled cylindrical tubes made from
tin (mild steel) beverage cans. The tubes were
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pressurized with air up to 9 bar and the energy-
absorbing eﬀectiveness factors  can be calculated
from their data and are presented in Figure 2. It is
evident from this ﬁgure that  increases with the inter-
nal pressure p and that the two cases with ¼ 0.0159
and 0.0134 are similar, while the results associated
with ¼ 0.0114 are higher. This diﬀerence is related
to the fact that the rupture strain "r¼ 0.13 according
to the tensile test curves in ﬁgure 3 of Zhang and Yu25
for the material associated with ¼ 0.0114 is signiﬁ-
cantly smaller than those associated with the other
two cases ("r¼ 0.185, 0.195). It should be noted that
the energy required to pressurize the tubes should be
added to the denominator of equation (2) which
would lead to smaller values of the energy-absorbing
eﬀectiveness factor,  , than those given in Figure 2.
Recently, Hu et al.26 have studied the problem
considered in Zhang and Yu25 by extending their
theoretical analysis and presenting calculations using
the numerical scheme ANSYS LS-DYNA. They dis-
cussed the associated symmetric and non-symmetric
deformation modes and examined the variations in
the capacity of the tube wall for higher internal pres-
sures than those examined in Zhang and Yu.25
Triangular tubes
Hong et al.27 have conducted quasi-static axial com-
pression tests on tubes having triangular-shaped
cross-sections and made from Q235 steel. The test
specimens underwent progressive crushing and bot-
tomed-out at about 75% of the initial tube length
with the actual values being given in table 2 of
their paper together with other experimental details.
This information may be used to calculate the
energy-absorbing eﬀectiveness factor,  , as well as
the solidity ratio, , for the cross-sections. It is evident
from Figure 3 that  increases with an increase in  so
that the thickest tubes (2.5mm) have an eﬀectiveness
which is about double the thinnest specimens (1mm)
and therefore make a more eﬃcient use of the
material.
Fan et al.28 have presented a theoretical rigid, per-
fectly plastic analysis for a thin-walled triangular tube
subjected to static axial crushing loads. In addition, a
ﬁnite-element numerical procedure was used to pre-
dict the load-displacement behaviour. Ten experimen-
tal tests were conducted by the authors on low carbon
steel (ASTM A36) triangular tubes which responded
with folds which did not form sequentially, in contra-
distinction to the theoretical analysis. In fact, the
experimental results in ﬁgures 11 and 12 of Fan
et al.28 reveal a high initial peak force with a sharp
reduction to a much lower force for the remaining
axial crushing displacement. This behaviour possibly
develops because the initial side lengths of the triangu-
lar sections varied between 44% and 66% of the cor-
responding initial axial length. The authors conducted
a numerical calculation using ABAQUS on a longer
triangular tube having an initial length about three
times the side length, and these results did show the
sequential folding predicted by the theoretical
method. Moreover, the theoretical rigid-plastic pro-
cedure provides reasonable predictions for the mean
crushing force observed in the numerical calculations.
However, no experimental results were reported for
the longer triangular tubes.
Multicellular sections
Zhang and Zhang29 have conducted static axial crush-
ing tests on aluminium alloy 6061O columns having
ψ
1.6
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Figure 2. Energy-absorbing effectiveness factor versus inter-
nal pressure in circular tubes.25 *, « and  correspond to
tubes having ¼ 0.0159, ¼ 0.0134 and ¼ 0.0114,
respectively.
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Figure 3. Experimental values of the energy-absorbing
effectiveness factor versus the solidity ratio for triangular tubes
made from Q235 steel and crushed axially.27
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various cellular cross-sections. They observed that
multicellular columns are much more eﬃcient energy
absorbers than single cellular columns under static
axial compression. The energy-absorbing eﬀectiveness
factors can be calculated from the data. They ranged
from  ¼ 1.03 for square (C/H¼ 30, ¼ 0.133) and
 ¼ 1.15 for hexagonal (¼ 0.077) single cellular sec-
tions, to  ¼ 3.21 for a square section with square
boxes in each corner (¼ 0.222). It is interesting to
observe that two of the sections with ¼ 0.20 were
constructed from the same amount of material as
used in the hexagonal section, but they had signiﬁ-
cantly higher energy-absorbing eﬀectiveness factors
of  ¼ 1.83 and  ¼ 2.17.
Thus, the energy-absorbing eﬀectiveness factor
clearly reveals the superiority of multicellular sections
over single cellular sections and shows the importance
of the disposition of the internal structure.
Nevertheless, this advantage is less clear in Figure 4
where the theoretical predictions of Chen and
Wierzbicki5 (see table 2 of Jones1 for calculation of
 ) and the experimental values of Zhang and Zhang29
are plotted for the static axial crushing of square tubes
and of square tubes with double and triple cells which
are illustrated in Figure 5. It is evident that the the-
oretical calculations of Chen and Wierzbicki5 for alu-
minium alloy 6061T4 follow closely the experimental
results presented in Zhang and Zhang29 on aluminium
alloy 6061O tubes and that the advantage of multicel-
lular square tubes is related to the larger values of
solidity ratio when compared to the values for the
corresponding regular square tube results. However,
it is noted from equations (2), (3) and (5) that the
mean crushing forces increase with  so that it
might be necessary in some cases to limit the asso-
ciated decelerations when multicellular systems are
used for safety purposes in passenger transportation
systems. A reduction in the magnitude of the deceler-
ation could be achieved with the same structural
multicellular design, but with thinner sections.
As noted previously, equation (1) is valid for a wide
range of energy-absorbing systems including thin-
walled sections which are ﬁlled with a foam material,
for example. The potential energy-absorbing capacity
of any inﬁlling material would be added to the
denominator of equations (1) and (2).
Chen and Wierzbicki5,30 have explored the eﬀect of
inﬁlling the sections with lightweight cellular mater-
ials, such as an aluminium foam, as discussed in
Jones.1 Figure 4 reveals, from the viewpoint of the
static energy-absorbing eﬀectiveness factor, that it is
advantageous to have three cells rather than two and
it is a further advantage to have a foam-ﬁlling.
(a) (b)C
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Figure 5. Cross-sections of (a) double-cell and (b) triple-cell square tubes.
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Figure 4. Energy-absorbing effectiveness factor versus solid-
ity ratio. The numerical predictions5 for single-cell («), double-
cell ðÞ and triple-cell ðrÞ cross-sections of AA6061T4 square
tubes crushed axially. Filled symbols are for corresponding
tubes filled with aluminium foam.5 *, S and  are experi-
mental values29 for single-cell, double-cell and triple-cell square
tubes made from AA6061O.
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It is interesting to observe from Figure 4 for a given
geometry that  decreases for inﬁlled sections as the
solidity ratio  increases. This trend is opposite to that
shown in Figure 4 for empty sections that have an
increase in  with an increase in . It is possibly due
to the interaction eﬀect between the foam-ﬁlling and
the tube wall being less signiﬁcant for thicker and
therefore stronger tubes relative to the foam strength
(i.e. larger values of ).
Zhang et al.31 used a superfolding theory to study
the behaviour of aluminium alloy 6060T4 multicellu-
lar square columns under dynamic axial crushing
forces. It is estimated that the energy-absorbing eﬀect-
iveness factor  ¼ 0.90 for a square tube, while
 ¼ 1.32, 1.66, 1.74 and 1.81 for square tubes with
2 2, 3 3, 4 4 and 5 5 cells, respectively. All
cases have the same solidity factor ¼ 0.075. The
numerical scheme shows that the geometries are
stable and that adding internal web arrangements is
eﬀective. The 2 2 and 3 3 multicellular cases are
illustrated in Figure 6. It is observed from the numer-
ical results, which are plotted in Figure 7, that  for
the aluminium alloy 6060T4 sections with ¼ 0.075
and subjected to impact loadings (10m/s) are tending
towards a saturation value for the more complex sec-
tions. It is also noted in Figure 4 (AA6061T4,
AA6061O) that the experimental and numerical
values for  increase with  for the static loading of
double and triple cell cross-sections.
The experimental value  ¼ 2.17 was obtained
from Zhang and Zhang’s experimental results29 for
a 2 2 section made from aluminium alloy 6061O
and having ¼ 0.20 and when loaded statically. It is
evident from Figure 4 that the value of  at ¼ 0.20 is
about 0.75 higher than the value for  at ¼ 0.075 for
a triple-cell square tube. Thus, the experimental result
from Zhang and Zhang29 is reasonably consistent
with the theoretical result in Figure 7 for the 2 2
section (i.e.  ¼ 2.17–0.75¼ 1.42 which is to be com-
pared with  ¼ 1.32).
The experimental tests by Alavi Nia and
Parsapour32 give  ¼ 0.61 for a 2 2 section loaded
statically and had ¼ 0.012. Now again the compari-
son with the results in Figure 4 suggests by extrapo-
lation that  might increase by about 0.60 when 
increases from 0.012 to 0.075. This suggests that
 ¼ 1.21, approximately, which is slightly lower than
 ¼ 1.32 in Figure 7.
The numerical results by Tang et al.33 for the
impact loading of 2 2 sections made from alumin-
ium alloy 6060T4 predict that  ¼ 1.78 for ¼ 0.10.
Again using the results in Figure 4, it is expected this
value should be about 0.20 smaller at ¼ 0.075 which
suggests  ¼ 1.58 at  ¼ 0.075. This modiﬁed experi-
mental value is to be compared with the theoretical
value of  ¼ 1.32 in Figure 7.
Alavi Nia and Parsapour34 have reported the
results of two experimental tests on aluminium alloy
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Figure 6. Cross-sections of (a) 2 2 and (b) 3 3 multicellular square tubes.
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Figure 7. Energy-absorbing effectiveness factor versus cross-
sections of multicellular square tubes made from AA6060T4
and having ¼ 0.075.31
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1060 square tubes with C/H¼ 53.3 (¼ 0.075) and
loaded statically. One of the tubes was divided intern-
ally into four equal square cells (i.e. 2 2 section in
Figure 6(a)). It turns out that the energy absorbing
factor is 1.98 times greater than the corresponding
value for the single-cell square tube, which again dem-
onstrates the superiority of multicellular sections. The
corresponding ratio is 1.47 in Figure 7 for aluminium
alloy 6060T4 sections.
Several authors have used theoretical and/or
numerical methods to study the behaviour of multi-
cellular sections. For example Kim21 used a numerical
scheme to study the dynamic crushing behaviour of
square aluminium alloy 6063T7 multicellular tubes
having a square or circular cells at each corner of
the square cross-section. It is estimated that  is
0.89, 2.36 and 2.57 for a square tube and for multi-
cellular square tubes with circular tubes or square
tubes at the corners, respectively. This revealed a sig-
niﬁcant advantage of adding internal members in
square tubes.
Some static experimental tests are reported by
Zhang and Zhang35 on a square multicellular section
and a hexagonal multicellular section made from alu-
minium alloy 6061O. It is evident that the behaviour
was stable and  ¼ 1.39 with ¼ 0.19 and  ¼ 1.28
with ¼ 0.10 for the square and hexagonal multicel-
lular sections, respectively. Zhang and Zhang36 have
continued their theoretical studies by exploring the
static behaviour of components of cellular structures,
for example various intersections of internal plates.
Wu et al.19 have studied the impact response of
a square section divided into four cells (2 2 in
Figure 6(a)) and two tubes with ﬁve cells having a
square box at each corner. The axial crushing of a
regular square section gave  ¼ 1.84 when taking
"r¼ 0.12 for aluminium alloy 6063T5. This value of
 was corrected to allow complete crushing with an
eﬀective crushing distance of 0.75 the initial tube
length. Similarly,  ¼ 2.99 and  ¼ 3.45 (average of
two tests) for the square tubes with four and ﬁve
cells, respectively. It is possible that the eﬀective
crushing distance is diﬀerent for the three cases, but
no information was oﬀered in the paper on this point.
Figure 8 contains the experimental data reported in
literature19,29,32,34,35 on aluminium alloy square tubes
and square tubes with four cells (þand arrange-
ments of the internal members) and the theoretical
predictions of Zhang et al.31 for aluminium alloy
6060T4 multi cells having the same geometries.
Despite the range of aluminium alloys (AA6061O,
1060, 6060T4, 6163T5) in Figure 8, there is a similar
trend of the results with . It is evident that the multi-
cellular sections have larger values of  for a similar
value of .
An experimental test was reported by Fang et al.37
on a 3 3 multicellular square tube subjected to a
static axial crushing force. The tube is made from
aluminium alloy 6063-O and the results show that
 ¼ 1.77 and ¼ 0.16. This value of  is higher than
that in Figure 7 ( ¼ 1.66, ¼ 0.075), but it is
expected to be somewhat higher according to the
increase in  with  in Figures 4 and 8 for multicel-
lular sections.
Zhang and Zhang38 have explored the static axial
crushing of circular columns with several internal
structural arrangements to give multiple cells and
made from aluminium alloy 6061O. The values of  
are 1.58, 2.20 and 2.30 for double, triple and quadru-
ple cells, respectively, which are to be compared with
 ¼ 1.87 (¼ 0.13) for a single column (i.e. circular
tube with no internal divisions). Thus, the double sec-
tion circular tube (¼ 0.18) is less eﬀective than a
hollow tube so that the additional material is a less
eﬃcient way to absorb the axial crushing energy. The
most eﬀective multiple cell case (quadruple cell with
¼ 0.22) is only 23% better than a hollow tube. This
situation occurs because the axial energy absorbing
capacity of a hollow circular tube is particularly eﬃ-
cient. It should also be noted that with an increase in
internal structure the dimensionless eﬀective crushing
distance decreases from 0.68 to 0.64 which aﬀects the
total energy absorbed by a multiple cell section.
Alavi Nia and Khodabakhsh39 have explored the
eﬀect of the radial distance between concentric thin-
walled tubes made of aluminium alloy sheet 1050 and
subjected to static and low-velocity mass impact axial
crushing loads. The values of  for the static experi-
mental tests on concentric tubes are 4.81–5.14
(¼ 0.05–0.06) for the three specimens listed in
table 11 of Alavi Nia and Khodabakhsh.39 These
values are to be contrasted with  ¼ 4.18 for a single
circular tube (¼ 0.04). The values of  for the two
experimental values given in table 10 of Alavi Nia and
Khodabakhsh39 for the mass impact loadings at 8m/s
of concentric tubes are 10.10 (¼ 0.06) and 12.04
(¼ 0.09), which are signiﬁcantly larger than the
quasi-static values estimated above. A ﬁnite element
analysis is used to examine the problem, and some
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Figure 8. Energy-absorbing effectiveness factor versus solid-
ity ratio for aluminium alloy multicellular square
tubes.19,29,31,32,34,35 «: square tube, #: 2 2 section,S: square
tube with internal members across diagonals.
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comments are oﬀered on the eﬀect of radial distances
between the two concentric tubes.
Jusuf et al.15 have studied the axial mass impact
behaviour of several arrangements of two concentric
square tubes.40 One arrangement (DW) had no con-
nections between the inner and outer walls, whereas
tubes CR were connected by webs at the four corners
and tubes designated MR were joined at the middle of
the four sides. The square tubes were made from mild
steel St37 and were struck axially with a mass travel-
ling up to an initial velocity of 7.08m/s. For compari-
son purposes, the regular square tube has a value
 ¼ 0.67 and ¼ 0.091 when using an engineering
rupture strain of 0.3640 and using the experimental
value for the absorbed energy multiplied by the
ratio of the eﬀective crushing distance of
0.75mm 180mm and the actual crushing distance
of 106.1mm. Similarly, the double square tubes
DW, CR and MR have  ¼ 0.93, 1.95 and 1.86,
respectively. The corresponding solidity ratios are
0.136, 0.162 and 0.176, respectively. It is evident
that using concentric tubes is advantageous for eﬃ-
cient energy absorbing purposes, particularly when
the tubes have connecting webs.
Tang et al.33 have used a numerical ﬁnite element
method to explore the eﬀectiveness of internal web
arrangements to create multiple cells in circular and
square tubes. The behaviour is explored for three par-
ticular tubes made from aluminium alloy 6060T4 and
an axial impact velocity of 10m/s. It turns out that  
is 1.02, 1.78 and 2.59 for a regular square tube
(¼ 0.1), quadruple square tube (2 2 section in
Figure 6(a) with ¼ 0.1) and a circular tube having
a central circular tube attached with four radial webs
to the outer tube (¼ 0.13). Clearly, a square tube
with four cells is more eﬀective than a regular
square tube and the multicellular circular case is sig-
niﬁcantly more eﬀective than both. Due to the higher
eﬃciency of circular tubes, the authors have also used
the numerical analysis to explore the eﬀect of various
factors on the behaviour of cylindrical multiple cell
columns.
Polygonal sections
Alavi Nia and Hamedani20 have reported some
experimental results on thin-walled tubes with several
diﬀerent cross-sections. The tubes have the same axial
length, average cross-sectional areas and are made
from aluminium alloy 3003H12 material and are sub-
jected to static axial crushing forces. Equation (3) is
used to estimate  when taking the uniaxial rupture
strain as 0.25. Figure 9 provides a summary of these
calculations from which it is clear that a circular tube
has the highest value of  for both wall thicknesses of
1 and 1.5mm. The triangular shape for H¼ 1.5mm
has the smallest value for all seven sections having
H¼ 1.5mm. Only four diﬀerent sections were tested
for the 1mm thick sheet, and the pyramidal case came
out with the smallest value of  . The trends in this
ﬁgure are similar to those in ﬁgure 5 of Jones1 for mild
steel sections. The associated solidity ratios are given
in the abscissa and range between 0.10 and 0.17 for
the plate thicknesses of 1.5mm.
Zhang and Zhang14 have reported on the static
axial compressive behaviour of square (C/H¼ 33.3,
¼ 0.12), hexagonal, octagonal and two rhombic sec-
tions. All of the sections were made from 1.2mm thick
Q235 steel having an average ﬂow stress of
270.9MPa. Calculations reveal that the energy-
absorbing eﬀectiveness factors are within the narrow
range of  ¼ 0.49–0.50 for all ﬁve sections. In other
words, the parameter  in this case does not discrim-
inate between the diﬀerent cross-sectional shapes. It is
interesting that the results are very similar to the
values of  obtained by Costas et al.41 for irregular
steel box sections. It should be noted that the mean
crushing load of the octagonal section (¼ 0.05) is
twice that found for the square tube which has one-
half of the cross-sectional area.
Alavi Nia and Parsapour32 have constructed thin-
walled tubes having a dozen diﬀerent cross-sections,
two-thirds of which have internal webs creating three
or four cells. Aluminium sheets with thickness of
0.1mm were used to manufacture the test specimens
which were subjected to quasi-static crushing forces.
It turns out that  is approximately equal to 0.58,
0.56, 0.44 and 0.33 for the octagonal (¼ 0.0075),
hexagonal (¼ 0.0077), square (¼ 0.008) and tri-
angular (¼ 0.011) cross-sections, respectively. This
is the same trend as those shown in ﬁgure 5 of
Jones1 and Figure 9 in this paper. The incorporation
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Figure 9. Variation of energy-absorbing effectiveness factor
with the cross-sectional shape of an aluminium alloy 3003H12
tube crushed axially.20 : H¼ 1.0mm, *: H¼ 1.5mm ( for
H¼ 1.5mm thick tubes is given in parentheses).
Jones 9
of three or four cells leads to increases in  for the
four geometries with the highest value of  ¼ 0.67
(¼ 0.011) for the three-cell hexagonal and the four-
cell octagonal cases, both with the cell walls attached
to the centres of the sides, rather than at the corners.
In fact, it was observed that in every case, the cell
walls emanating from the tube corners led to smaller
values of  when compared to those originating from
the centre of a tube side. This behaviour occurs prob-
ably because the cell walls strengthen the resistance to
wrinkling of the tube sides, which are weaker when
compared with the corners.
The energy-absorbing eﬀectiveness factor,  , was
obtained by Fan et al.42 for tubular sections having
hexagonal, octagonal and 12- and 16-sided star pol-
ygonal shapes. The sections were made from a low
carbon steel (ASTM A36) and subjected to quasi-
static axial crushing. The authors obtained  values
of 0.54, 0.68, 0.80 and 0.55 for the hexagonal, octag-
onal, 12- and 16-sided star shapes, respectively. All
cross-sections had a solidity ratio ¼ 0.094, approxi-
mately. Thus, the best tubular shape in this study for
absorbing crushing energy is the 12-sided star since it
uses the material most eﬀectively. However, some
fracture was observed in the 12- and 16-sided star
polygonal sections.
Xiang et al.7 have collected numerical and experi-
mental data from previously published work to exam-
ine a number of key performance indicators for the
static behaviour of polygonal and multicellular tubes,
but the authors did not consider the energy-absorbing
eﬀectiveness factor ( ) deﬁned by equation (1).
However, in order to compare the data from the vari-
ous studies, the authors have used the solidity ratio,
or relative density, , which was introduced originally
by Pugsley (see Jones8) and is deﬁned by equation (7).
The material properties were not presented in the
paper, so it is assumed that ¼ 7850 kg/m3,
o¼ 250MPa and "r¼ 0.33 for the mild steel polyg-
onal tubes. It follows that  can be obtained from the
data in ﬁgure 5 of Xiang et al.7 when using equation
(3). The data in Figure 5 is quite scattered, but gen-
erally speaking, it is evident that  follows the same
trend as in Figure 9 in the sense that  increases in the
sequence triangular, square, hexagonal, octagonal
with the circular tubes having the highest value of
 . The values of  for each type of tube increase
with increase of the solidity ratio, , as noted previ-
ously. The authors have also discussed the aluminium
alloy 6060T4 multicellular tubes studied numerically
in Zhang et al.31 and discussed in ‘Multicellular sec-
tions’ section.
Discussion
It is evident from the previous discussion that a wide
range of cross-sections for tubular members has been
studied experimentally, numerically and theoretically
in order to seek the most eﬃcient shape to absorb
energy for crashworthiness applications in passenger
transport, for example. The energy-absorbing eﬀect-
iveness factor,  , introduced by equation (1), has been
used to rank the eﬀectiveness of a given energy
absorbing system. It can be used to study the eﬀect-
iveness of a system made from diﬀerent ductile mater-
ials or to compare the eﬀectiveness of diﬀerent designs
made from a given material or of diﬀerent materials.
The comparisons in this paper are made using the
solidity ratio which is deﬁned by equation (7). It is
evident from Figure 1 that  increases with an
increase in  for square and circular tubes crushed
axially, both under static and impact loadings.
A similar behaviour is shown in Figure 3 for triangu-
lar tubes. However, it is particularly striking in
Figures 4, 7 and 8 that  increases signiﬁcantly for
multicellular sections. Figure 7 reveals that a 5 5
multicellular section has a value for  which is
double the value for a corresponding square tube
having the same value of . The results appear to
indicate that a saturation condition is being
approached with an increase in the complexity of a
cross-section. They show the importance of the dis-
position of the internal structure, as is also observed
in Zhang et al.31 where the value of  was dependent
on the arrangement of the internal structure for the
same amount of material. It is interesting to note that
in Zhang and Zhang38 a circular tube having two cells
is less eﬀective than a regular hollow circular tube
despite having a larger value of , though the addition
of further cells does turn out to be more eﬀective.
Thus, the addition of more material is not always
more eﬀective.
Figure 4 also reveals the important enhancement of
the energy absorbing capacity by inﬁlling tubes with
foam, for example or in Figure 2 with an internal
pressure. It is observed that the foam in Figure 4 is
less eﬀective for the thicker tube specimens which is
due possibly to the interaction eﬀect between the foam
and the tube wall being less signiﬁcant for the thicker
tubes. Actually, a somewhat similar phenomenon
might occur in Figure 2 where the enhancement of
 caused by an internal pressure is least for the thick-
est circular tubes that have a smaller circumferential
stress due to the internal pressure.
Impact loadings can also further increase the value
of  as revealed in Figure 1.
It is important to recognise that an increase in  
could cause an increase in the mean crushing load, as
indicated by equation (2). This situation would lead to
larger decelerations. Potentially, these increased decel-
erations could pose diﬃculties in structural design and
in satisfying the human impact injury criterion. Also
large values of  could lead to fracture of the mater-
ial, although it is possible to cater for this phenom-
enon in the denominator of equations (1) and (2).
The results in Figure 9 for single sections reveal the
importance of the cross-sectional geometry on the
value of  with a circular tube having the largest
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value and a triangular section the smallest, despite
having a larger value of .
It should be noted that when a structural system
is made from a single material, then the energy-
absorbing eﬀectiveness factor given by equation (3)
can be written in the form
 ¼ 
o"r
 SEA ð10Þ
where SEA is the dimensional speciﬁc energy
absorbed or the energy absorbing capacity per unit
mass.  is dimensionless and provides a measure of
how eﬀective or eﬃcient the system is in absorbing
energy. It could be regarded as an environmental
factor, since it suggests the selection of a design
which requires the least amount of material and the
most eﬀective disposition of that material.
It is noted in some cases that the energy-absorbing
eﬀectiveness factor,  , is larger than 1.0. This situ-
ation arises because the actual potential energy that
could be absorbed by the material in the denominator
of equation (1) ignores several features. For example
the inﬂuence of strain rate sensitive material proper-
ties for impact loadings is not considered, although it
could be retained in the denominator of the equation,
but it is ignored in this paper in order to retain a
simple expression. In the case of foam ﬁlled tubes, a
favourable interaction develops between a foam ﬁlling
and the tube walls leading to an enhanced energy
absorption. Triaxiality eﬀects could also inﬂuence
the energy absorbed in a crushed tube. Also some of
the dominant axial stresses in a tube are compressive
(x), whereas the materials tests reported in most
studies have been obtained from a standard uniaxial
tensile test. In fact, for a simple biaxial case with
x¼y, then the equivalent stress e¼ (3)1/2x and
the equivalent strain rate _"e ¼ 2 _"x=p3. Thus, taking a
simple view (i.e. ignoring z), the work rate
e _"e ¼ 2x _"x is twice the energy absorbed in a stand-
ard uniaxial tensile test.
The denominator of the energy-absorbing eﬀective-
ness factor, which is deﬁned by equation (1), is the
energy absorbed in a standard uniaxial tensile test
conducted on the material(s) up to rupture. This
simple expression provides a basis which is the same
for all calculations of  regardless of the structural
designs and material(s). Nevertheless, it would be pos-
sible to cater for the more complex behaviour of the
materials in the denominator of equation (1) if the
information was available.
In order to calculate  , the energy absorbed in the
numerator of equation (1) should be the maximum
value which occurs when the eﬀective crushing dis-
placement, or the bottoming-out displacement, is
reached. Unfortunately, a paucity of information is
usually given on this point in many papers so that it
becomes necessary to use the dimensionless value 0.75
for e=L. However, it is quite possible for some
multicellular cross-sections that the eﬀective crushing
distance is smaller because of the more complex
crushing deformations which might hinder the regular
behaviour to the bottoming-out condition. In this
case, the associated value of  would be smaller.
An illustration of a practical application of the
energy-absorbing eﬀectiveness factor is that the
machining of grooves in steel cylindrical shells24 is
not an eﬃcient design since the associated values of
 are smaller when compared with a cylindrical shell
without grooves.
Costas et al.41 have studied the static and dynamic
axial crushing behaviour of car frontal impact energy
absorbers. These 1mm thick irregularly shaped boxes
are made from cold formed steel sheets and several
diﬀerent core materials are investigated. In the case
without any core material, the experimental data can
be used to calculate the energy-absorbing eﬀectiveness
factors  ¼ 0.47 and  ¼ 0.50 for the static and impact
loadings, respectively. The corresponding values of  
for the same boxes with a GFRP core structure are
slightly smaller, or  ¼ 0.45 and  ¼ 0.47 when the
contribution to the potential energy absorption by
the core is not considered in the denominator of  .
Thus, the true values of  would be even smaller when
accounting for this extra energy in the denominator.
The experimental results indicate that the inﬁlling of
this particular energy absorber is not advantageous
from the perspective of the energy-absorbing eﬀective-
ness factor. The ratio can be taken as C/H¼ 100
(¼ 0.04), approximately, for the particular geometry
in Costas et al.41
Kohar et al.43 have developed a front rail designed
to absorb axial crushing energies during a vehicle col-
lision. The authors have crushed axially the alumin-
ium alloy 6063T6 rails at an initial impact velocity of
8m/s in a sled test arrangement. This experimental
set-up imparts a maximum axial crush displacement
of 125mm, while the rails have an initial length of
464mm. If it is assumed that the dimensionless eﬀect-
ive crushing distance (e=L) for both rail geometries in
Kohar et al.43 is 0.75, then the energies absorbed in
the experiments should be multiplied by 0.75 464/
125¼ 2.784 when estimating the energy-absorbing
eﬀectiveness factor. Thus, equation (6) gives
 0 ¼ 3:21 with & 0.105 for the case shown in
ﬁgure 1 of Kohar et al.43 which has a somewhat simi-
lar design to the triple cell system in Figure 5(b),
except that it is closer to a rectangular shaped cross-
section with a 7 angle between the long sides. The
other more complex cross-sectional shape in ﬁgure 2
of Kohar et al.43 with & 0.12 has  0 ¼ 4:48: If,
instead of using the energies absorbed by the rails
for these calculations, the mean crushing force is sub-
stituted into equation (5), then it turns out that
slightly higher values are obtained, namely  ¼ 3:38
and  ¼ 4:67 for the cases in ﬁgures 1 and 2 of Kohar
et al.,43 respectively. It is noted that in Hsu and Jones3
that  ¼4.14 and  0 ¼ 5:72 for circular tubes made
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from the same material (aluminium alloy 6063T6) and
crushed axially.
Conclusions
The dimensionless energy-absorbing eﬀectiveness
factor has the merit that it reveals the most eﬃcient
or eﬀective structural system, or energy-absorbing
device, and suggests which system from many compet-
ing designs uses the material from which it is made in
the most eﬀective way. Thus, it is also a type of envir-
onmental factor since it explores the energy potential
of the entire system, and the largest value of  is
associated with the least amount of material used in
the construction. The energy-absorbing eﬀectiveness
factor has been discussed in this paper and is used
to study the behaviour of tubes with a rich variety
of cross-sectional shapes subjected to axial static
and impact loadings. Generally speaking, it is
observed that the tubes with multicellular cross-sec-
tions oﬀer improved energy absorbing capacity com-
pared with single cell tubes. The experimental and
numerical results have been expressed in terms of
the solidity ratio, or relative density, which is a
useful parameter for ordering and interpreting the
results.
The energy-absorbing eﬀectiveness factor is
another dimensionless factor in the armoury for
designers and is complementary to the well-known
existing design parameters. It can be used for any
type of material, or combinations of materials, and
any structural geometry subjected to static or dynamic
loadings.
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Appendix
Notation
A cross-sectional area
Ae enclosed area
C side length of a square tube
g gravitational constant
G impact mass
H thickness
P axial force
Pm mean value of axial force
R radius
V volume of material
Vo impact velocity
 axial displacement
e effective crushing displacement
f final value of axial displacement
"x axial strain
"e equivalent strain
"r rupture strain
_" strain rate
 density
x axial stress
e equivalent stress
o mean flow stress
0o dynamic flow stress
y, u yield and ultimate stresses
 solidity ratio, equation (7)
 energy-absorbing effectiveness factor,
equation (1)
 0 dynamic energy-absorbing effectiveness
factor
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